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Abstract

An incremental model was developed so as to predict the growth of fatigue cracks under complex load spectra. It contains a crack
propagation law (da/dt = a|dq/dt|) and a cyclic elastic plastic constitutive law for the cracked structure dq=dt ¼ f ð/ / J ;/c

X ;/
c
th;

/m
X ;/

m
thÞ. The crack growth rate da/dt is a rate of creation of cracked area per unit length of crack front. The plastic flow intensity factor

rate dq/dt is function of the loading level / and of the thresholds for plastic deformation either within the monotonic or within the cyclic
plastic zone. Two internal variables are introduced so as to define each threshold, the first one /X is associated with internal stresses,
while the second one, /th, measures the effective threshold for plastic deformation in the crack tip region. The material parameters in
the equations are determined using the finite element method. This identification was performed for a 0.48%C carbon steel. Then various
fatigue crack growth experiments have been performed in order to validate the model, monotonic fatigue crack growth experiments at
different stress ratios from R = �1 to R = 0.4, single overloads with overloads factor between 1.5 and 1.8, and bloc loads with X over-
loads every Y cycles, X and Y varying from one experiment to another. The predictions of the model reproduce well experimental results.
Finally the model was applied to an industrial problem: the growth of a semi elliptical crack at the surface of a train wheel. For this
purpose, load spectra were measured in situ on a train wheel, it came out that the model had to be extended to biaxial tension-compres-
sion and bending loading conditions, which was done.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Predicting fatigue crack growth in metals under random
loadings is a difficult task, in particular because of load his-
tory effects, which are known for decades to stem from
plastic deformation in the vicinity of the crack tip [1–6].
In addition, history effects are closely related to the elas-
tic–plastic behaviour of the material [6–9]. Let consider
for instance the effect of a single overload. The material
ahead of the crack tip yields during the application of the
overload. As long as the plastic zone of the overload is fully
0142-1123/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
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constrained inside the elastic bulk, compressive residual
stresses appear at unloading as a consequence of plastic
deformation and limit the efficiency of subsequent fatigue
cycles. This is at the origin of the well-known overload
retardation effect. Besides, the Bauschinger effect of a mate-
rial makes reverse plasticity within the overload plastic
zone easier. In such a case, the overload retardation effect
is less marked and somehow delayed [9]. Hence the need
to estimate internal stresses in the crack tip region as pre-
cisely as possible for each material. For this purpose, a
local approach (FEM) is required so as to capture the very
details of the elastic–plastic cyclic deformation of the mate-
rial in the crack tip region. But, in practice, it is common to
encounter fatigue lives that reach tens of millions of
‘‘cycles’’. Global approaches are then usually preferred to
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Fig. 1. (a) Schematic of the mounting of a train wheel, (1) the rail, (2) the
wheel and (3) the axle. (b) Finite element model of the wheel. Load case:
running of the train along a curve.
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local (and time consuming) ones. A method was therefore
proposed so as to capitalize the advantages of both local
and global approaches, i.e. the quality and the precision
of the computation on the one hand and the reduced num-
ber of degrees of freedom on the other hand [12].

The idea of that method is as follows. The mode I dis-
placement field in the local coordinate system attached to
the crack front is assumed to be depicted by its partition
into an elastic field and a plastic field. Then, each part of
the displacement field is also assumed to be the product
of a known reference field, function of space coordinates
only, and of an intensity factor, function of the loading
conditions. This approximation is only valid in the near
crack tip region. The main advantage of this approach is
that it reduces drastically the number of degrees of freedom
in the problem. As a matter of fact, since the reference
fields are assumed to be known, the remaining degrees of
freedom are the position of the crack tip and the intensity
factors of the elastic and plastic parts of the displacement
field, which are correspondingly labelled the effective stress
intensity factor eK I and the plastic flow intensity factor q.

To summarize briefly the procedure, the displacement
field is computed using the finite element method and a
suitable constitutive law for the material. Then the two
intensity factors are extracted using the least square
method. The results are analysed, at the global scale, by
plotting the effective stress intensity factor versus the plas-
tic flow intensity factor. Using this type of results, just as
one would use a ‘‘stress versus plastic strain’’ curve, it
was possible to build up an empirical model for the cyclic
elastic–plastic behaviour of the crack tip region at the glo-
bal scale [12]. In this model, internal variables had to be
defined, which measure the level of internal stresses and
the effective thresholds for plasticity in the crack tip region
either within the cyclic plastic zone or within the mono-
tonic plastic zone [12–14]. Empirical equations are pro-
posed for their evolutions with respect to the intensity
factor of the plastic part of the displacement field and with
respect to crack growth.

Using the finite element method and the approximation
discussed above, a cyclic elastic–plastic constitutive model
was build for the crack tip region at the global scale. This
model provides the plastic flow intensity factor rate as a
function of the loading level and of the current values of
the internal variables [12].

Besides, with the rough assumption that the crack grows
because of crack tip plasticity, a linear relation is assumed
between the crack growth rate and the plastic flow intensity
factor. If necessary, this equation can be modified to
account for the effect of the environment, but this is not
the object of the present paper.

In this paper, it is discussed how the model can be
applied to an industrial problem: the growth of a semi-
elliptical crack at the surface of a train wheel. For this pur-
pose, load spectra were measured in situ on a train wheel.
The model was identified for the material constituting the
train wheel and the predictions of the model are compared
to fatigue crack growth experiments under variable ampli-
tude loadings conditions. It came out that the model
should be extended to biaxial tension-compression and
bending loading conditions. These evolutions are discussed
in the following.

2. Position of the industrial problem

Three aspects are indispensable to master railway sys-
tems: design, manufacture and maintenance. Maintenance
defines surveillance intervals which are defined at present
from field experience. The aim of the French Railway
Agency (AEF-SNCF) is to use fracture mechanic in order
to satisfy to European interoperability imperative of rail-
way stock. The initiation of cracks at the surface of a wheel
is usually attributed to foreign object damage (ballast
impact). In such a case, cracks are semi elliptic and their
growing path is normal to the radial direction of the wheel.
The aim of this research is to define the inspection intervals
of wheels, i.e. the number of kilometers necessary for a
crack to grow from the smallest dimension detectable by
non destructive technique (NDT) and the critical crack
length. The diameter and the thickness of a wheel are in
the order of one meter and 30 mm; whereas the initial crack
length is in the order of 1 mm. A crack initiated at the sur-
face of a wheel can therefore be considered as a semi-ellip-
tical crack growing at the surface of a semi-infinite media,
with a finite thickness.

So as to characterize the local loading conditions of the
train wheel, in situ measurements have been performed by
the French Railway Agency. First of all, a 3D finite ele-
ment model of the wheel was built so as to identify the crit-
ical areas of the wheel under various loading conditions
(running of the train along a straight line, along a curve. . .)
(Fig. 1b). Then, strain gauges were glued symmetrically
onto the internal and external faces of the wheel. Different
radius and different angular positions were instrumented,
among which the spots identified as the most critical ones.
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The strain gauges signals were recorded as a function of
time.

These measurements allowed extracting the radial, hoop
and shear components of the stress tensor along each side
of the wheel during the train running. A short extract of
the evolution of the radial stress on each side of the wheel
is plotted in Fig. 2a. The train was running along a straight
line at 120 km/h which is the least severe situation. In such
Fig. 2. Evolution of the radial component of the stress tensor during a few
revolutions of the wheel. Case of a train running along a straight line. (a)
Evolution of the radial stress as measured using strain gauges glued
symmetrically onto the internal and the external faces of the wheel. (b)
tension-compression part rrr ¼ ðrext

rr þ rint
rr Þ=2 and (c) bending part

rrr ¼ ðrext
rr � rint

rr Þ=2 of the radial stress along the thickness of the wheel.
a case, the external face is mostly in tension while the inter-
nal face is under compression in the critical area of the
wheel. The finite element analysis of the wheel showed that
the stress field across the wheel’s thickness is not far from
being linear in the area of concern. Therefore, it is possible
to extract the bending and the tension-compression compo-
nents of the stress field across the wheel’s thickness (Fig. 2b
and c) in the critical area using in situ measurements. The
tension-compression part of the stress field is close to con-
stant amplitude loading with a stress ratio equal to �1
(Fig. 2b). But the bending part of the signal is highly var-
iable, even when the train is simply running along a straight
line (Fig. 2c).

The same analysis can be performed with the other com-
ponents of the stress tensor. It is found that the shear com-
ponent is usually small compared to the radial and hoop
ones (Fig. 3a). And finally, the loading is observed to be
almost proportional. The bending part of the hoop stress
Fig. 3. Bending part ri ¼ ðrext
i � rint

i Þ=2 of the measured stress compo-
nents. (a) Comparison of the radial, shear and hoop stresses. The shear
stress is negligible. (b) Hoop stress versus radial stress, the loading is more
or less proportional.



Fig. 4. Evolution of the calculated value of the plastic flow intensity factor
q versus the nominal stress intensity factor K1I .
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is around one half of the bending part of the radial stress
(Fig. 3b).

Finally, the problem can be sketched out as follows. The
crack’s geometry can be approached by that of a semi-ellip-
tical crack in a semi-infinite plate subjected to biaxial bend-
ing and tension-compression loadings [15,16]. The two
bending components are proportional. During the running
of a train, the bending part of the loading is highly vari-
able. The variable nature of the loading arises from run-
ning conditions which vary among straight line, curve or
split switch. For a given running condition (straight line
for instance) the correlation length in the stress versus time
signal is well over a thousands wheel’s revolutions. Finally,
a train endures around two millions wheel’s revolutions per
day.

The aim of this study is thus to simulate efficiently the
growth of a semi-elliptical crack under variable biaxial ten-
sion-compression and bending. For this purpose the
parameters of the incremental fatigue crack growth model
proposed by Pommier et al. [7,12] were identified for the
material of the wheel. Then, the model was validated using
the results of various variable amplitude fatigue crack
growth experiments. But the model had to be enriched so
as to account for the high compression levels that are
reached in a wheel disk and for the biaxial loading condi-
tion that arise from the axisymmetric geometry of the
wheel.

3. Model

3.1. Background

The mode I displacement field in the near crack tip
region is assumed to be depicted by its partition into an
elastic field and a plastic field. Then, each part of the dis-
placement field is also assumed to be the product of a ref-
erence field, function of space coordinates only, and of an
intensity factor, function of the boundary conditions (load-
ing, crack geometry. . .). The main advantage of this
approach is that it reduces drastically the number of
degrees of freedom in the problem. As a matter of facts,
the reference fields are given in the coordinate system
attached to the crack front. Therefore, the degrees of free-
dom in the problem are reduced to: the location of the
crack tip and the values of the two intensity factors (Eq.
(1)), which are correspondingly labelled, the effective stress
intensity factor eK I and the plastic flow intensity factor q:

uFEðx; tÞ � eK IðtÞueðxÞ þ qðtÞupðxÞ ð1Þ

where uFE(x, t) is the displacement field as calculated using
the FE method and associated with a very small variation
around the current configuration of the crack, where ue(x)
is the reference elastic displacement field and up(x) the ref-
erence plastic field. For each time increment in the compu-
tation, the projection proposed in Eq. (1) is performed
using a post treatment routine.
From a practical point of view, it is not necessary to
have at ones disposal an analytical expression for the fields
ue (x) and up(x). The reference elastic field ue(x) is the
numerical solution of a previous finite element computa-
tion using the same FE mesh, an elastic behaviour for the
material and boundary conditions such as that the nominal
stress intensity factor is equal to unity. Similarly a numer-
ical reference solution can be constructed for the plastic
field up(x) using a mathematical transform that performs
a partition such as that proposed in Eq. (1) (i.e. the Karh-
unen–Loeve transform). However, analytical solutions are
useful for interpreting the results. At present the best
approximation was obtained with the displacement field
around a climb dislocation [10] (Eqs. (2) and (3)):

upðr; hÞx ¼
1

pðjþ 1Þ ½ðj� 1Þ log r � 2 cos2 h� ð2Þ

upðr; hÞy ¼
1

pðjþ 1Þ ½ðjþ 1Þh� 2 cos h sin h� ð3Þ

This solution corresponds to the insertion of a semi-infinite
slit of material of thickness 1 in the half plane y = 0, x < 0
and it is worth to underline that :up(r,h = p)y = 1. There-
fore, q measures the plastic part of the displacement in
the K-dominance area and can be also interpreted as the
plastic part of the CTOD. Besides, eK I measures the elastic
part of the displacement in the K-dominance area.

Provided that the displacement approximated by Eq. (1)
is taken as the displacement between consecutive time
increments (eulerian approach), the error associated with
this approximation remains typically below 10% [12].

This method enables us to generate the evolutions of q
versus eK I (Fig. 4). The value of the stress intensity factoreK I calculated using this method differs slightly from the
nominal stress intensity factor K1I . The difference Ksh

I ¼eK I � K1I stems from the shielding effect of internal stresses



Fig. 5. cyclic-stress strain curves as measured on a 0.48%C steel,
comparison between the experiments and the simulation.

Table 1
Material parameters

E m R0 Q b C1 c1 C2 c2 C3 c3

190,000 0.3 210 80 0.53 50,000 1000 32,500 500 11,397 29
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at crack tip [11,12]. This difference is also found to vary lin-
early with q. Therefore, only the evolution of q needs to be
modelled.

In Fig. 4, the evolution of q is plotted against K1I during
a cyclically increasing load sequence. After each load’s
reversal, there is a domain within which q is not varying.
Within this domain, the behaviour of the cracked structure
can be considered as elastic. The ‘‘elastic domain’’ of the
cracked structure ((C) in Fig. 4) varies both in dimension
and position. Therefore, two internal variables are intro-
duced to define the yield point of the crack tip region,
which are the position and the dimension of its elastic
domain. The equivalent in the continuum theory of plastic-
ity would be kinematics and isotropic hardenings of the
material. The displacement of the elastic domain is a con-
sequence of the development of internal stresses, the size
of the elastic domain is an effective threshold for crack
tip plasticity.

Besides, a discontinuity in the evolution of K1I versus q
is observed at point D in Fig. 4, when the loading level
exceeds the maximum load level reached previously, or in
other words, when it reaches the threshold above which
the monotonic plastic zone extends again. Therefore an
elastic domain is also defined for the monotonic plastic
zone, by its size ((M) in Fig. 4) and its position. Since, in
mode I, crack closure occurs, the closure point was taken
as the definition of the ‘‘position’’ of the elastic domain
for the monotonic plastic zone. The displacement of this
point is related to the growth of internal stresses at the
scale of the monotonic plastic zone.

To these evolutions is associated a model for the elastic–
plastic behaviour of the crack tip region at the global scale
[12] which was build within the framework of dissipative
processes. Firstly it was discussed that the driving force
associated with q, denoted by /, is proportional to J the
Rice’s integral. Internal variables have to be defined, that
measure the level of internal stresses ð/c

X ;/
m
X Þ and the effec-

tive thresholds ð/c
th;/

m
thÞ for plasticity within the cyclic and

the monotonic plastic zones [12–14]. Empirical equations
are proposed for their evolutions with respect to the varia-
tions of the plastic flow intensity factor oq and to crack
growth oa.

To summarize briefly, using the finite element method
and the approximation in Eq. (1), a cyclic elastic–plastic
constitutive model was build for the crack tip region at
the global scale. This model provides the plastic flow inten-
sity factor rate as a function of the loading level and of the
current values of the internal variables dq=dt ¼ f ð/ / J ;
/c

X ;/
c
th;/

m
X ;/

m
thÞ [12].

Besides, it is assumed that there is a linear relation
between the crack growth rate and crack tip plasticity:
da/dt = a|dq/dt|, where a is a constant. It is worth to men-
tion that the crack growth rate da/dt, corresponds to the
rate of creation of cracked area per unit length of the crack
front.

The equations of the model are not provided here, but
can be found in other publications [12].
3.2. Identification for a 0.48%C mild steel

So as to identify the parameters of the model using the
method described in Section 3.1, it is required to identify
the constitutive behaviour of the material of the wheels.
For this purpose, push–pull specimens were machined from
a high-speed train forged wheel, along the radial and along
circumferential directions. The material anisotropy is
found to be negligible. The material displays a Lüders peak
and a plateau in monotonic tension, but the peak disap-
pears or is significantly reduced in cyclic tests. Therefore,
the peak was not taken into account in the constitutive
behaviour of the material.

Finally, the constitutive model of the material includes
three non-linear kinematics hardening terms and one
non-linear isotropic hardening term (Fig. 5 and Table 1).
Each non-linear kinematics hardening term obeys the Arm-
strong–Frederick hardening rule (Eq. (4)):

_X i ¼
2

3
Ci _ep � ciX i _p ð4Þ

And the isotropic hardening is as follows (Eq. (5)):

_R ¼ bðR0 þ Q� RÞ _p with Rjpþ0 ¼ R0 ð5Þ

With:

_p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

3
_ep : _ep

r
ð6Þ

A very good agreement is obtained between the experimen-
tal and the simulated stress–strain curves (Fig. 5).
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Then various finite element analyses were performed so
as to identify the cyclic plastic behaviour of the cracked
structure from the knowledge of the cyclic plastic behav-
iour of the material. A refined finite element model was
build for the cracked structure and loading–unloading
sequences were simulated. The partition proposed in Eq.
(1) was performed at each increment of the computation.
And the evolution of q versus K1I is determined for the
0.48%C steel employed for the wheels.

An example of such a computation is given in Fig. 6.
During an unloading sequence from a point (q0,K0), q is
found to remain constant if K0 � K(t) is below a threshold
bc, then the evolution is found to be roughly proportional
to the square root of q0 � q. The same evolution was found
whatever the value of the initial point (q0,K0) either for a
loading or an unloading sequence. This enables us to iden-
tify two parameters ac and bc employed in the evolution
equation @/c

X=@q of the position /c
X of the elastic domain

of the cyclic plastic zone with respect to the variations of
q, where /i ¼ ðð1� m2Þ=2EÞK2

i .
It is useful to underline that if such a relation between q

and KI is chosen, with the assumption that the crack
growth rate is proportional to the plastic flow intensity fac-
tor rate (Eq. (7)), and without taking into account any
effects related to the monotonic plastic zone ð/m

X ;/
m
thÞ, the

crack growth rate obeys a relation which is a classical alter-
native to the Paris’ law (Eq. (8)) [17], where bc is playing the
role of an effective threshold for fatigue crack growth:

da
dt
¼ a

dq
dt

����
���� ð7Þ

DK ¼ acDqþ bc & Eq: ð7Þ ) da
dN

¼ 2a
a2

c

ðDK � bcÞ2 / ðDK � DKeff
th Þ

2 ð8Þ

An automated protocol was set up so as to identify the en-
tire set of parameters in the model from finite element com-
putations. The set of parameters identified for the 0.48%C
mild carbon steel and the set of equations in the model are
provided in Appendix 1. At this stage, the constitutive
Fig. 6. Simulation of the very beginning of the unloading of the cracked
structure from a maximum applied stress intensity factor K0 = 21 MPa
m1/2 and an initial plastic flow intensity factor equal to q0 = 1 lm.
model dq=dt ¼ f ð/ / J ;/c
X ;/

c
th;/

m
X ;/

m
thÞ of plasticity in

the crack tip region is fully identified.
Then, a constant amplitude fatigue crack growth exper-

iment is necessary to identify the tuning parameter a in Eq.
(7). For this purpose, the experiment was simulated using
the model and the results are plotted in a Paris diagram.
First, it is observed that the calculated fatigue crack growth
rate obeys the Paris law. Besides, the tuning parameter a
modifies primarily the coefficient of the Paris law and not
its exponent. This exponent is close to 3. The coefficient a
is then adjusted so as to obtain the best agreement between
the simulation and the experiment (see Fig. 7).

3.3. Validation

The model is identified using push–pull tests (and FE
computations) and constant amplitude fatigue crack
growth tests. Then, once the model is identified, it also
needs to be validated. For this purpose, variable amplitude
fatigue crack growth experiments were conducted and
compared with the simulations. CCT sample were used,
with a thickness of 5 mm. The positions of the two tips
of the crack, on each side of the sample were determined
optically. The measurement of the total crack length, 2a,
was performed every 1 mm.

The following experiments were performed. First of all
(Fig. 8a) the crack was grown up to a length of 2a = 23
mm under a stress ratio R = 0 and a maximum stress level
Rmax = 100 MPa. Then an overload either at Rpeak = 150
or 180 MPa was applied. And the crack was grown again
at R = 0 and Rmax = 100 MPa. A very typical delayed
retardation effect is observed in both cases. A reasonable
Fig. 7. Comparison between simulations and a constant amplitude fatigue
crack growth experiment at R = 0 in the 0.48%C mild carbon steel
employed for the wheel’s. Adjustment of the tuning parameter a in Eq. (7).



Fig. 8. (a) retardation effect after a single overload. (b) Mean retardation
effect of 1% of overloads at Rpeak = 1.5 Rmax within a block of either 100
or 1000 cycles.

Fig. 9. (a) Computed evolutions of KI and q, with or without a
compression phase below the closure point. (b) idem, from the re-opening
point in a (K � K0, (q � q0)1/2).
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agreement is found between the simulations and the
experiments.

Secondly, (Fig. 8b) the crack was grown under blocks of
cycles with 1% of consecutive overloads at Rpeak = 1.5 Rmax

either in blocks of 100 or in blocks of 1000 cycles. The mean
retardation effect is maximum when the block length is of
thousand overloads. A good agreement is found between
the simulations and the experiments. An experiment was
also conducted with 1% of overloads per block of ten thou-
sand cycles. This experiment is not shown here. The mean
crack growth rate in that experiment superimposes with
that obtained for 1% of overloads per block of 1000 cycles,
and the simulations coincide with the experiments.

Thirdly, the simulation of such experiments requires less
than 2 min. This demonstrate that the model is applicable
in an industrial context.
4. Effect of a compression phase below the closure point

The incremental model was identified and validated
using a set of variable amplitude fatigue crack growth
experiments. However, the model had to be adapted for
the problem of the train’s wheel. As a matter of fact, the
stress ratio is often below �1. It was therefore necessary
to examine the effect of the compression phase below the
contact point between the crack faces.

4.1. Finite elements analyses and modelling

The finite element method was employed so as to ana-
lyse the effect of a compression phase on the plastic flow
intensity factor. For this purpose various simulations have
been performed. For instance, the crack was opened,
unloaded down to the closure point and reloaded immedi-
ately, or reloaded after a significant compression phase
below that closure point. The differences in the (q,KI)
curves after the re-opening of the crack enables to discuss
the effect of the compression phase on the internal variables
of the model.
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An example of such computations is given in Fig. 9.
Three main conclusions can be drawn from these computa-
tions. First of all, there is a very significant effect of the
compression phase below the closure point on the evolu-
tion of q after the crack’s re-opening (Fig. 9a). For the
same variation of the stress intensity factor above the re-
opening point the variation of q is at least 20% larger if a
compression down to Rmin = �100 MPa is applied. How-
ever, if the crack is unloaded, the closure point is not mod-
ified (Fig. 9a). This is the second important result: a
compression phase below the closure point does not mod-
ify the position of this closure point. The third result is that
the threshold at which the monotonic plastic zone extends
itself is not modified (Fig. 9b). And finally, though it is not
obvious in Fig. 9, it is also found that the size of the elastic
domain of the cyclic plastic zone is not modified by a com-
pression phase below the closure point. As a consequence,
neither the position /m

X (closure point) and the size /m
th of

the monotonic plastic zone, nor the size of the cyclic plastic
zone /c

th vary during a compression phase. The only inter-
nal variable that is varying is the position /c

X of the cyclic
plastic zone. It is also shown through these computations
that the position of the elastic domain of the cyclic plastic
zone is merely varying like Kmin.

4.2. Comparison with experimental results

Therefore, in the model, the elastic domain for the cyclic
plastic zone is allowed to be displaced below the closure
point during the compression phase, this displacement sim-
ply follows the applied stress intensity factor Kmin. Because
of that displacement, the evolution law of the plastic flow
Fig. 10. Comparison between experimental results (symbols) and simu-
lations (lines) for constant amplitude fatigue crack growth experiments at
stress ratios R varying between 0.4 and �1.
intensity factor above the closure point is different. This
simple modification of the model is sufficient to reproduce
successfully the experimental results (Fig. 10).

The physical meaning of the displacement of the elastic
domain of the cyclic plastic zone below the contact point is
not obvious. It is possible to argue that ‘‘closure’’ corre-
sponds to the first contact between the crack faces, which
occurs at a rather large distance from the crack tip. But,
in the near crack tip region, a ‘‘bump’’ remains behind
the crack tip. When a compression phase is applied below
the closure point, this bump is erased. This implies a mod-
ification of the state of internal stresses in the cyclic plastic
zone. In our modelling, such a modification is modelled by
a displacement of the elastic domain of the cyclic plastic
zone.

5. Biaxial loading conditions

Now, the second feature of the industrial problem is that
the crack is subjected to biaxial loading. Let consider the
case of a through thickness crack in an infinite sheet sub-
jected to a biaxial loading (Sx,Sy), the stress intensity factor
and the T-stress are expressed as follows: KI ¼ Sy

ffiffiffiffiffiffi
pa
p

and
T = Sx � Sy.

The idea is to show that it is possible to account for the
effect of biaxial loading through the T-stress. For this pur-
pose, finite element computations were performed so as to
study the effect of the T-stress on the (q,KI) curves.

5.1. Finite element analyses

For this analysis the material constitutive model that
was employed was elastic, ideally plastic (E = 200 GPa,
m = 0.3, Re = 400 MPa). Two finite element meshes were
built with the same refinement at crack tip, but with two
different crack dimensions 2a = 12 mm and 2a = 24 mm.
The same method was employed in both cases so as to
determine q from the displacement fields. The two cracks
were loaded up to the same value of the maximum stress
intensity factor KI and then unloaded. In such a case the
T-stress is lower at the tip of the smallest crack, since
T ¼ �Sy ¼ �KI=

ffiffiffiffiffiffi
pa
p

. The results of this computation is
plotted in Fig. 11a. It is obvious that the two cracks behave
in a different manner. The plastic flow intensity factor q is
larger for the smallest crack. If now the same values of KI

and of T are applied, by applying a suitable biaxial loading
state, the same evolution of q is obtained for the two cracks
(Fig. 11b). Two conclusions arise from these results. First
of all, there is a significant effect of a biaxial stress loading
condition on the evolution of the plastic flow intensity fac-
tor and secondly this effect can be characterized by the
parameter (T/KI) (see Fig. 12).

In the following, the biaxiality ratio is defined by the
parameter (T/KI).

Since an automated protocol was built up, so as to
identify automatically the parameters of the model using
finite element computations, it is easy to perform a set of



Fig. 11. Computed evolutions of KI and q, for two cracks (a = 6 mm and
a = 12 mm) (a) subjected to the same value of KI, under a remote uniaxial
loading condition and (b) to the same KI and the same T(T = 0).

Fig. 12. fatigue crack growth rate at R = 0 and R = 0.4 in a CT and in a
CC. Both specimens have the same thickness (5 mm) and were machined
with the crack plane lying in the same direction of the train wheel.
Comparison with the simulations.
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identifications for a set of biaxiality ratios. This set of iden-
tifications was performed for the typical set of (T/KI) ratios
that are observed along the crack front of a semi-elliptical
crack in the order of 1–10 mm, growing in a semi-infinite
sheet subjected to a biaxial stress (Sx = Sy/2). It is worth
to underline that the constitutive equations of the model
have been chosen so as to fit the finite element results but
also so as to ensure that a unique set of parameter is iden-
tified in each case. Therefore, it is possible to interpolate
the set of identified parameters with respect to the ratio
(T/KI) using for instance polynomials. The results are
provided in Appendix 2.

The expressions of the evolutions of the parameters of
the model with respect to the biaxiality ratio (T/K) were
implemented in the model so as to simulate the effect of a
biaxial loading condition on fatigue crack growth.
5.2. Experimental results

So as to characterize the effect of the T-stress, comple-
mentary fatigue crack growth experiments have been per-
formed on CT specimens. These specimens were
machined from the train wheel. The same thickness
(5 mm) was used for the CT and the CCT specimens (the
expression of KI and T for both specimens are given in
Appendix 3). Attention was paid to machine them with
their crack plane lying in the same plane as that of CCT
specimens. CT and CCT specimen display a very different
T/KI ratio. While this ratio is negative in CCT specimen,
it becomes positive in CT specimens (see Appendix 3).

In the experiment it is observed that the fatigue crack
growth rate is nearly 1.7 higher in CCT specimen in com-
parison with the crack growth rate in CT specimens. This
confirms the role of the T-stress on the fatigue crack
growth rate. Besides, this difference is observed both at
R = 0.4 and R = 0, but is larger at R = 0.4. The simula-
tions are in reasonable agreement with the experimental
results. Both the effect of the T-stress and the fact that this
effect is larger at R = 0.4 than at R = 0 is reproduced by the
model.
6. Conclusions

An incremental model for fatigue crack growth under
complex loading conditions, which was proposed in previ-
ous publications, was identified, validated and modified so
as to be applied to the problem of a semi-elliptical crack
growing at the surface of a train’s wheel.

For this purpose, push–pull experiments were conducted
so as to identify the stress–strain behaviour of the medium
carbon steel employed for the wheels. The material is found
to be isotropic and its behaviour was modelled by three
non-linear kinematics hardening and one non-linear isotro-
pic hardening.

Then finite element analyses were conducted so as to
compute the detail of the cyclic stress–strain behaviour in
the crack tip region. A post-treatment routine was applied
so as to identify the cyclic behaviour of the crack structure
at the global scale from local FE computations. More
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precisely, the evolutions of the plastic flow intensity factor
were computed as a function of the applied stress intensity
factors in various cases. Then, an empirical model was
associated to these evolutions, for which the parameters
were identified for the material of the wheel. The model
was implemented and allows predicting the fatigue crack
growth rate with the assumption that the fatigue crack
growth rate is directly proportional to the plastic flow
intensity factor rate. Fatigue crack growth experiments
including overloads, and block loadings were compared
to the predictions of the model and the results are
satisfactory.

However, so as to apply this model to the industrial case
of the train wheel, some developments had to be done. As a
matter of fact, a train wheel was instrumented so as to mea-
sure strains in situ. It was found that, in the most critical
area, the stress field across the wheels thickness can be con-
sidered as the sum of a biaxial bending loading case and of
a biaxial tension-compression loading case. Therefore, the
role of compressive stresses and of a biaxial stress state
had to be considered.

The biaxial stress state was accounted for through the
biaxiality parameter (T/K). The comparison between
experimental fatigue crack growth rates within either
CCT specimens or CT specimens, both at R = 0 and
R = 0.4, showed that the T-stress has a significant effect
on fatigue crack growth. The finite element method was
employed so as to determine the evolutions of the parame-
ters of the fatigue crack growth model as a function of the
biaxiality ratio (T/K). These evolutions were implemented
in the model and it was found that experiments and simu-
lations are in good agreement.

The effect of compressive stresses was studied using the
finite element method and fatigue crack growth experi-
ments at various stress ratios, with R varying between �1
and 0.5. It was shown that neither the crack closure point,
neither the size of the monotonic plastic zone, nor the size
of the cyclic plastic zone are modified by a compressive
overload below the closure point. However, the position
of the elastic domain of the cyclic plastic zone is displaced.
The model was modified so as to take into account this dis-
placement, and a good agreement is obtained between the
simulations and the experiments.
Appendix 1. Set of equations

We use the following relationships between the stress
intensity factor and u:

/ ¼ A2K2signeðKÞ with A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� m2

2E

r

Extension of the monotonic plastic zone: fm ¼ 0 and d/
dt > 0

� Cracking law: da
dt ¼ a

2
dq
dt

� Plastic criterion ð/xm < /Þ : fm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð/� /xmÞ

2
q

� /m
� Flow rule: dq
dt ¼ k @fm

@/
� Consistence: fm ¼ 0; dfm

dt ¼ 0
� Evolution equations:

– @/xm

@q ¼ axm �
ffiffiffiffiffiffiffiffi
/xm

p
– @/m

@q þ
@/xm

@q ¼ A2a2
m

ffiffiffiffiffiffiffiffiffiffiffiffiffi
/mþ/xm

pffiffiffiffiffiffiffiffiffiffiffiffiffi
/mþ/xm

p
�Abm

– @/m

@a ¼ pa � /m

– @/xm

@a ¼ ka � /xm þ kb:/m with A2 ¼ ð1�m2Þ
2E

� Material parameters (am, bm, axm, pa, ka, kb)
� Initial values: /m0 ¼ A2b2

m;/x0 ¼ 0

Extension of the cyclic plastic zone: fc = 0

� Cracking law: da
dt ¼ a

2
dq
dt

� �
� Plastic criterion: fc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð/� /xcÞ

2
q

� /c

� Flow rule: dq
dt ¼ k @fc

@/

� Consistence: fc ¼ 0; dfc

dt ¼ 0
� Evolution equations:

– @/c

@q ¼
@/c

@a ¼
@/xc

@a ¼ 0

– @/xc

@q ¼ A2 a2
c

ffiffiffiffiffiffiffiffiffiffiffiffiffi
/xcþd�/c

p

d
ffiffiffiffiffiffiffiffiffiffiffiffiffi
/xcþd�/c

p
� /c

Abc

� �
�Abc

2

with d ¼ sign dq
dt

– @/m

@a ¼ pa � /m

– @/xm

@a ¼ ka � /xm þ kb � /m with A2 ¼ ð1�m2Þ
2E

� Material parameters (ac, bc)
� Evolutions of /c and /xc when the monotonic plastic

zone is activated:

/ ¼ /c þ /xc and /c ¼
A2bc

2
2

ffiffiffiffi
/
p

A
� bc

� 	
Set of material parameters for T = 0:

am ¼ 17:3 MPa
ffiffiffiffi
m
p

=lm

bm ¼ 4:6 MPa
ffiffiffiffi
m
p

acf ¼ 38:2 MPa
ffiffiffiffi
m
p

=lm

bcf ¼ 5:8 MPa
ffiffiffiffi
m
p

axm ¼ �1:5 MPa
ffiffiffiffi
m
p

=lm

pa ¼ �0:00093 MPa
ffiffiffiffi
m
p

=lm

ka ¼ �0:019 MPa
ffiffiffiffi
m
p

=lm

kb ¼ 0:0025 MPa
ffiffiffiffi
m
p

=lm
Appendix 2.

Evolution of the material parameters for various values
of the biaxiality ratio (T/K), and the fitted polynomials
implemented in the model.
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Appendix 3.

CCT specimen

Expression of K [18]:

K ¼ FY

BW
1
2

if F > 0

K ¼ 0 if F 6 0

With:
B: specimen thickness
W: specimen width
F: applied force N
Y: shape factor given by:

Y ¼ h
cos h

� 	1
2

ð0:707� 0:007h2 þ 0:007h4Þ and h ¼ pa
2W

Expression of T [19]:

T ¼ Sy �0:997þ 0:283
a
w
� 3:268

a
w


 �2

þ 6:622
a
w


 �3
�

�5:995
a
w


 �4
	

With:
Sy: Applied stress MPa.
CT specimen
Expression of K [18]:

K ¼ FY

BW
1
2

with F > 0

With:
B: specimen thickness
W: specimen width
F: applied force N
Y: shape factor given by:

Y ¼ ð2þ hÞ
0:886þ 4:64h� 13:32h2 þ 14:72h3 � 5:6h4
� �

ð1� hÞ1:5

and h ¼ a
W

Expression of T [19]:

T ¼ Sy �1:996þ 10:169
a
w
þ 10:546

a
w


 �2
� 	

With:
Sy: Applied stress MPa given by Sy ¼ F

W �B.
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